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A p r o c e d u r e  is  outlined fo r  calculat ing the emiss iv i ty  (spectra l  and in tegra l ,  d i rect ional  and 
hemispher ica l )  of a s emi t r ans lucen t  plane l a y e r  on an opaque base ,  taking into account t e m -  
p e r a t u r e  grad ien ts  in the l a y e r  as well as polar iza t ion  of the r ays  and mul t ip le  ref lec t ions  
at the boundary .  The values  of emiss iv i ty  a r e  given for  g rades  K8 and TF1 g l a s s .  

As is  well known, radiat ion in a semi t r ans lucen t  medium is  spatial  in c h a r a c t e r :  not only the sur face  
of the m a t e r i a l  r ad ia tes  but a lso  the inner  l a y e r s .  F o r  this  r eason ,  the emiss iv i ty  of semi t rans lucen t  
m a t e r i a l s  depends on the th ickness  of the radia t ing spec imen and on the t e m p e r a t u r e  grad ien ts  inside i t .  
Under  these  condit ions,  any d i rec t  emiss iv i ty  m e a s u r e m e n t  by conventional methods  becomes  mean ing less  
for  this c l a s s  of m a t e r i a l s ,  s ince  a value obtained in t e s t  may apply to the given spec imen  but not as an 
unbiased p rope r ty  of the m a t e r i a l .  It i s  m o r e  appropr i a t e  he re  to m e a s u r e  the absorp t iv i ty  of the m a -  
t e r i a l ,  f r o m  which the emiss iv i ty  of any semi t r ans lucen t  s y s t e m  can then be ca lcu la ted .  General  p ro b l ems  
re la t ing  to this  approach have been d iscussed  e a r l i e r  in [1], and he re  we will analyze the actual  i m p l e m e n -  
tat ion of the ma thema t i ca l  p r o c e d u r e .  

The emis s iv i ty  of s emi t r ans lucen t  m a t e r i a l s  has  been de te rmined  fo r  seve ra l  specif ic  cases  in [2- 
6] on the bas i s  of absorp t iv i ty  m e a s u r e m e n t s .  I so the rma l  p la tes  were  studied in [2, 5], but only the spec -  
t r a l  emis s iv i ty  was cons idered  in [2] and only the in tegra l  emiss iv i ty  in the d i rec t ion no rma l  to the s u r -  
face was cons idered  in [5]. The n o r m a l  emiss iv i ty  of a l aye r  with a l inear  or  pa rabo l ic  t e m p e r a t u r e  d i s -  
t r ibut ion was calculated in [3, 4], but without taking into account the polar iza t ion  and the mult iple  r e f l e c -  
t ions of r a y s .  In [6] the po la r iza t ion  of light was also d i s rega rded ,  but the t e m p e r a t u r e  drop was taken 
into cons idera t ion  in de te rmin ing  the in tegra l  d i rect ional  and the in tegra l  h e m i s p h e r i c a l  emiss iv i ty  of a 
s emi t r ans lucen t  d ie lec t r ic  l a y e r  deposited on a meta l l i c  subs t r a t e .  The author  of [6] used the "gray"  
approximat ion ,  which does not account  for  the optical  spec t rum c h a r a c t e r i s t i c s  of the m a t e r i a l .  
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Fig.  2. 
function of the optical  l a y e r  th ickness  (k = 2.7 pm) .  
th ickness  To = kH.  

Per ta in ing  to the der ivat ion of bas ic  f o r m u l a s .  

Spectra l  no rma l  emis s iv i ty  of g rade  K8 g lass ,  as a 
Optical 
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Fig.  3. Angular  distr ibution of spec t ra l  emiss iv i ty  for  g rade  

TF1 g lass  (X = 2.7 $~m, H = 1 cm): t = 20~ (1), 550~ (2). 

We will cons ider  a radia t ing med ium rep resen ted  by a homogeneous  semi t r ans lucen t  pla te  of th ick-  
n e s s  H (Fig.  1) whose optical  spec t rum c h a r a c t e r i s t i c s  (n X and kx) have been m e a s u r e d .  For  the sake of 
genera l i ty ,  we will a s s um e  in this  ana lys i s  that the lower  su r face  of the pla te  l i es  on an opaque body 
(substrate)  whose t e m p e r a t u r e  T s and re f lec t ive  p r o p e r t i e s  a r e  known. The t e m p e r a t u r e  field T(x) in the 
l a y e r  m a y  be of any a r b i t r a r y  c h a r a c t e r .  I t  has  been shown in [1, 6] that  T(x) under  such conditions is  
found by a s imul taneous solution of the r ad ian t - ene rgy  t r a n s f e r  equation and of the r a d i a t i v e - c o n v e c t i v e  
heat  t r a n s f e r  equa t ion .  In our  case  T(x) will be  a s sumed  a l ready  known. 

Since the re  a re  no radiat ion sources  on the sur face ,  hence (Fig: 1) 

I s (L) cos ado)' = I+ (H, % L) cos (pdo)P (~), (1) 

where  P(X) is  the t r ansmi t t iv i ty  of the sur face ,  I+(H, go, X) is  the intensi ty of radiat ion impinging on the 
upper  plate  sur face  f rom below at an angle go, I a (X) is  the intensi ty of radiat ion leaving the l a y e r  at an 
angle a ,  and both these  angles a re  re la ted  according to the law s i n a  = n X singo. The fu r the r  analys is  will 
apply to a definite wavelength.  For  c la r i ty ,  the symbol  X will be  omit ted f rom subsc r ip t s .  According to 
the re f rac t ion  law, we find f rom (1); 

P I: = -~ I + (H, r~). (2) 

With polarization of light taken into account, relation (2) simplifies to 

P8 Pp I s = I+8(H, (p) 2~ + I+~(H, (p) --~-, (3) n s np 

where  the subscr ip t s  r e f e r  to the s -  and p-component  of polar ized  light r e spec t ive ly .  In o r d e r  to find 
I+s (H, go) and I+p (H, go), we solve the light t r a n s m i s s i o n  equation.  If  the med ium is  i so t ropic ,  then k s 
= kp = k and n s = n p  = n, and the radiat ion coefficient  for  a given m a t e r i a l  local ly  under  t he rma l  equi l i -  
b r i um without ex t raneous  radiat ion sources  will be de te rmined  f rom the equality j s(T) = jp(T) = kn2IB(T) 
/ 2 ,  where  IB(T) denotes the spec t ra l  P lanck  function for  t e m p e r a t u r e  T.  In such a case  the solution to 
the t r a n s m i s s i o n  equation a r e  analogous for  both components  s and p .  We will examine one of them 
(omitting the subscr ip t  s,  p).  The equation of light t r a n s m i s s i o n  

dI  _ k l _~ ] (T) (4) 
dx cos (p cos r 

will be solved, as in [6], separa te ly  for  angles go < 7t/2 and go > 7r/2: the f o r m e r  cor responding  to light 
which t r a v e l s  f rom below upward (denoted by the "+" sign) and the l a t t e r  cor responding  to l ight which 
t r a v e l s  f rom above downward (denoted by the " - "  sign).  Consider ing the p r e s e n c e  of a subs t ra te ,  we 
wri te  the boundary conditions as  

I+ (o, ,~) = B ( 0  + R~ (~o) t (0, q)), 
C ( H ,  qO = R~(q~) t+(H, qO; 

(5) 
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B(~) is the luminance of the substrate in a medium with a refract ive  index n; B s = Bp = e{~)IB(Ts)n2/2. 
The solution to Eq. (4) with (5) is  

H - -  k ( H - - ~ }  2 k H  . - 1  : H  

I+(H, qD)=- ~ cos](~)e~ -c~ d~ + [1--R~R~e r176 [B1 ec~  
o 

H k ( H + ~ )  H k(3H--~) 

cos q~ cos qD 
o o 

Refleet iv i t iesRi  and R 2 are calculated according to the Fresnel  formula for the respect ive component, with 
absorption in the l ayer  taken into account [8] (light impinges from inside on the media boundary). Inse r t -  
ing these values into (2) and also considering that Rs = 1-R2s, Rp = 1-R2p, we obtain af ter  a few t r ans -  
formation s. 

k H  

i__e(q))[B(Ts)e cos~ [~(1- -R2s)~-  ~f-(1--R2p)] 

H k(H--~) k(H+~) 
+ .  . �9 I ~  [T(~) ]  ( 1 - - R , , ) e  + (1 R,s)  R,,e ~~ 

cos 
~=0 

k(3H--~) .] k ( H - - ~ )  

- co~(~ j 1 ( l _ R ~ p )  e r + RI~Ro.~e . + -~ 

_ k(H+~) k(3H--~) 

+ ~  ([_R2p)[Ripe eos~0 @R~pR~pe cos, ]}d~. (7) 

Here 
2leH 

M~ = [1-- R ~ , ~ e  ~~ ~]-h 
2 k H  

Mp = [I --  RxpR~pe ~o~ ~]-x. 

In this  way, the spectral  directional emiss ivi ty  e a ,  k of the l ayer  -- with all the said factors  taken into 
account - is  determined f rom the equality 

e~,n ~- l,z/IB ()~, TL), (8) 

where Is is found from (7) for any given wavelength k and direction a, while angles ~ and cp are related 
according to the refraction law. 

It is easy to show that, knowing how to calculate ca, k, one can find the spectral hemispherical 
emissivity according to the formula 

ehs,~=2 S e~,;sin~zcosada, (9) 

and integration over all wavelengths win yield the integral  directional emiss ivi ty:  

~ e~,~IB (~., TL) d~ 
q,=O 

ec,,i : (lTi ~ (10) 

Finally, with the aid of (10), we find the integral  hemispherical  emissivi ty  

n12 

ehs, i----2 S ec*,i sinacosada. (11) 
(Z=0 

he re. 
= Rs,  and Rip = R2p = Rp in expression (7). 
forming the integration then, we obtain 

The special cases  considered in [2-6] can be t reated in t e rms  of the resul t s  which we have obtained 
Thus, for instance,  for an i so thermal  l ayer  without substrate  we let  T(~) - T, e(~) = 0, R~s = R2s 

Fur the rmore ,  j(T) is taken outside the integral  sign. P e r -  

k~ H 

I ~  ,.-~ IB(T)(1--e cosq~ ) ( 1--Rs~.H ~, 1---~-F~)_ , 

l~Rse r l ~ R v e  cos 
(12) 
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from where, after  dividing by IB(T), we find for e~, k the expression which R. Gardon has obtained in 
[2]. 

The emissivity of various semitranslucent materials was calculated according to the procedure 
shown here. The spectral normal emissivity (for ~ = 2.7/~m) is shown in Fig. 2 for grade K8 glass, as a 
function of the optical layer thickness. The emissivity as a function of the observation angle is shown in 
Fig. 3 for a I cm thick plate of grade TF1 glass. At that particular wavelength, evidently, there is a 
strong temperature-dependence here. Deviations from the LambertLaw are appreciable. They become 
smaller at elevated temperatures, however, because the absorptivity and thus also the optical thickness 
of the plate increase with temperature. 
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N O T A T I O N  

spectral directional emissivity; 
spectral hemispherical emissivity; 
integral directional emissivity; 
integral hemispherical emissivity; 
refractive index; 
absorptivity; 
radiation coefficient for the medium (spectral volume intensity of radiation); 
reflectivity; 
radiation intensity; 
Planck function; 
layer  thickness 
optical layer  thickness; 
transmittivity of the media boundary; 
luminance of substrate along angle; 
emissivity of substrate; 
temperature of substrate; 
temperature of the layer  boundaries; 
Stefan constant; 

S u b s c r i p t  

1, 2 denote 
s, p denote 
+, - denote 
a, r denote 

S "  

the lower and upper boundary; 
the components of polarized light; 
the light traveling in two opposite directions spectral values (wavelength); 
the angular functions corresponding to angles a, q~ from the normal to a surface.  
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